Gravity and surface-tension effects are examined for inviscidinviscid interactions between two fluids close to a wall. The ratios of density and viscosity of the two fluids are taken to be small. A nonlinear integro-differential equation is found to govern the near-wall flow velocity, interface shape and pressure; analysis, computation and comparisons are then applied. Travelling-state solutions are of particular interest. §1. Introduction. Interaction between two fluids near a fixed solid surface is studied here, with gravity and surface tension acting as substantial influences on the assumed planar motion. The two fluids are immiscible and incompressible and have small density and viscosity ratios. The heavier, more viscous body of fluid is approaching the solid surface, and the other fluid is lying as a thin layer in between. In the so-called supercritical range where, for both fluids, inviscid forces dominate over viscous ones, a trio of pressure-shape-velocity relations is found which leads to a nonlinear integro-differential equation for the unknown interface shape. As regards motivation and application, the possible implications for air-water interaction close to a wall and the associated impact problems are of much interest. One scenario is that of a droplet of water (fluid 1, say) rapidly approaching a wall, with air (fluid 2) between the droplet and the wall, and the subsequent impact onto the wall; the two fluids mentioned here for generality have small density and viscosity ratios. Air-water interactions are examined experimentally and numerically in [3, 7, [12] [13] [14] , with numerous other aspects being investigated in [5, 6, 8-11, 15, 19, 21, 22, 24]. The background for the water-air-wall setting, or more generally the fluid 1-fluid 2wall setting, includes a recent upsurge of industrial interest-for instance, in food manufacture, spray coating and aeronautics, the last of which concerns aircraft or rotorcraft icing [2, 16, 17, 20] .
disturbances unless surface tension acts to stabilize these interactions. Postimpact behaviour of two-fluid interaction is considered in [20] and [15] , with the latter incorporating the influence of surface tension locally close to a contact point and finding a new form of local interface behaviour, while travelling wave solutions were described recently in [23] . Clearly, surface tension has significant influence in several areas of concern; our particular focus is on the pre-impact stage, where a thin layer of fluid 2 first enters play as a droplet of fluid 1 approaches a fixed solid wall, in the super-critical regime of Reynolds numbers.
Gravity effects are of interest in their own right. They can also be significant in terms of distinguishing between two-fluid behaviour on top of a solid surface and underneath a solid surface, as well as the different responses to gravity force at different angles of inclination of the surface. The current study concentrates on horizontal layers. Further, in planetary physics, strong gravitational effects can in fact be dominant forces in the fluid responses near a planet surface. Section 2 describes the basis of the argument concerning small density and viscosity ratios which, in the super-critical range and with gravity and surface tension forces being effective, leads to the two-fluid interaction depending on inviscid forces in fluid 2 coupled with potential flow dynamics in fluid 1. A nonlinear integro-differential system is obtained for the evolution of the interface and induced pressure. This is described in §2 along with details about the critical Reynolds number. Travelling-wave and other related forms of solution are presented in §3, followed by further comments in §4 on the present theoretical investigation. §2. Small-ratio argument. First, in the non-dimensionalization, the velocity u = (u, v), the corresponding Cartesian coordinates (x, y), the pressure p and the time t are based on the droplet approach speed V , a representative length scale L, ρ 1 V 2 and L/V , respectively. The length L is a global quantity such as the droplet diameter if the droplet is of circular shape, while ρ 1 and ρ 2 are the densities of the fluid 1 and fluid 2, respectively, and µ 1 (= ρ 1 ν 1 ) and µ 2 (= ρ 2 ν 2 ) are their respective viscosities. For convenience, the coordinates used are centred in the impact area and the pressure is measured relative to the general atmospheric value for fluid 2. Also, Re 1 = V L/ν 1 is the droplet Reynolds number, We 1 is the corresponding Weber number, and Fr 1 is the Froude number. Here ∇ denotes the operator (∂ x , ∂ y ), and three-dimensionality and compressibility are neglected. The continuity equation then reads, for either fluid,
while the Navier-Stokes equations in non-dimensional variables take the form
in fluid 1 and
in fluid 2. Second, the density and viscosity ratios of the two fluids, ρ 2 /ρ 1 and µ 2 /µ 1 , are supposed to be small and comparable with each other so that, typically, the ratio ν 2 /ν 1 can be considered to be of order unity. The flow solution then expands according to the form
with h( 1) as the main expansion parameter (see Figure 1 ). The expansions follow from an order-of-magnitude argument, given that: the length scales in fluid 1 are short near impact, such that (x, y) = (X, Y )a/L where the characteristic local length a is much smaller than L; the layer of fluid 2 that lies astride the x-axis has length scales which are (x, y) = (X, hy 2 )a/L; for a smooth incident droplet shape, a/L ≈ h; the typical time scale t = h 2 T is also short, with T ≈ 1, because of the O(1) approach speed and the h 2 thickness of the fluid-2 layer. The aspect ratio h of the fluid-2 layer is assumed to be small, in the present setting of an impact with rapid local interaction involving the relatively thin layer of fluid 2 between fluid 1 and a solid surface or possibly between two bodies of fluid 1, depending on whether the droplet impacts on a solid or on another body of fluid 1.
Third, the resulting equations of motion in fluid 1 are those of unsteady potential flow:
to leading order. In fluid 2, the controlling equations of an unsteady inviscid thin layer hold:
Here, the constant D = ga 3 /(L V ) 2 is taken to be of O(1), corresponding to the Froude number Fr 1 = V /(gL) 1/2 being small of order (a/L) 3/2 , where g denotes gravity. The constant H = hρ 1 /ρ 2 is also assumed to be of order unity, so that the small quantities h and ρ 2 /ρ 1 can be taken as comparable. Matching at the unknown interface defined as y 2 = F(X, T ) requires, among other conditions, the difference between the fluid-1 pressure p 1 (X, Y = 0+, T ) and the fluid-2 pressure p 2 (X, T )-which is independent of y 2 by the third equation in (7) , is also unknown and will be denoted by P(X, T )-to be due to a surface-tension effect (surface tension multiplied by the interfacial curvature, which is proportional to ∂ 2 F/∂ X 2 in the present context), an effect additional to the gravity effect that is proportional to F in terms of pressure. Tangentialvelocity, kinematic and tangential-stress conditions also apply at that interface. The boundary conditions at large Y in fluid 1 require no exponential growth.
The validity of (6)- (7) relies on several assumptions which may or may not be met in a specific real application. These are, mainly: h is of the order of ρ 2 /ρ 1 , as anticipated earlier; the global Reynolds number Re 1 is large; the local Reynolds number Re 1 h is large compared with µ 2 /(µ 1 h 2 ). It follows that the theory applies for values of the global Reynolds number Re 1 that are large and lie above approximately (ρ 2 1 ν 2 )/(ρ 2 2 ν 1 ). This critical value of Re 1 is greater than 10 million for the air-water combination mentioned in the introduction.
From (6), (7) and the interfacial and other conditions, the two-fluid interaction here is controlled by coupled equations for the unknown scaled interface shape F(X, T ), the pressure P(X, T ) and the velocity component U (X, T ), namely:
These are subject to u 2 = U (X, T ) being independent of y 2 and to the kinematic constraint which yields the second of the equations (9) . In (8), "(PV)" stands for the principal value of the Cauchy-Hilbert integral, which runs from −∞ to ∞. Equation (8) follows from the fluid-1 flow equations, while equations (9) are from the fluid-2 motion. The parameter σ is the dimensional surface tension multiplied by h 2 /(ρ 1 V 2 a); it is of order h/We 1 and is taken to be of O(1). To be strict, therefore, a small Weber number is assumed in the theory, as well as a small Froude number; relatively large gravity forces substantially affect the fluid-1 dynamics here because of the density ratio. Inside fluid 2, the scaled pressure P must tend to zero at large positive or negative X , in view of the general atmospheric pressure, whereas the pressure in fluid 1 tends to 2σ .
For zero σ and D, solutions of (8, 9) are discussed in [15] with the normalized condition
for an incident locally parabolic shape of the interface when or where interaction is still weak, and in line with v → −1 in the incident motion. The solutions show that as the interaction strengthens, it leads to a short-scale catastrophic instability and likely touchdown; see [19] . A limited number of solutions with non-zero σ given in [15] suggest that touchdown does not occur within a finite time. These set the scene for the recent study of σ effects in [23] as well as the following investigation of travelling states for non-zero σ and D.
Finally, we seek solutions of (8, 9) in travelling-wave form such that F, P and U depend only on X − cT (= ξ , say), rather than on X and T separately. Here c is the constant scaled velocity of the solution. The system therefore reduces to
for F(ξ ), P(ξ ) and U (ξ ). Hence, the nonlinear integro-differential equation
is obtained for the unknown interfacial function F(ξ ), where prime denotes differentiation and the non-negative constant C 1 = H −1 c 2 1 is a constant of integration arising in the relations that stem from (11) and (12) . §3. Periodic solutions.
3.1. Weakly nonlinear theory. We seek solutions of (13) by assuming expansions of the form
and
Here A (which is positive and of order unity) and 0 < 1 are constants. Substituting (14) and (15) into (13) , expanding in powers of and keeping terms up to order 2 yields
Equating the coefficients of and 2 in (16) gives the two equations
We shall assume that the solutions are symmetric with respect to ξ = 0. Since we are seeking periodic solutions, we then represent F 1 and F 2 by Fourier cosine series as follows:
where k = 2π/λ is the wavenumber and λ is the wavelength. We now define by the relation
where
is the first Fourier coefficient of F(ξ ). It then follows from (19) and (20) that
We now substitute (19) into (17) 
we obtain a n −c 2 0 n 2 k 2 π − C 1 nkπ A 3 + πσ n 3 k 3 + π Dnk = 0, n = 1, 2, 3, . . . . (25)
Since a 1 = 1/k = 0, relation (25) with n = 1 implies that
Similarly, relation (25) implies that a n = 0 for n = 2, 3, 4, . . .
provided that −c 2 0 n 2 k 2 −
If (28) is not satisfied for some values n = m, i.e. if −c 2 0 m 2 k 2 −
then a m is arbitrary.
We note that (28) and (29) can be written in the simpler forms
by using (26).
In summary, to leading order we have
when (28) (or (30)) is satisfied and
if (29) (or (31)) holds for some integer m ≥ 2. As we shall see, the value of the arbitrary constant a m is determined by considering the problems at higher order in .
3.1.1. Second-order solution when (28) holds. In this subsection we assume that (28) holds and calculate F 2 . Upon substituting (20) and (32) Equating the coefficients of cos kξ , cos 2kξ and cos nkξ for n = 3, 4, . . . yields
b n = 0 for n = 3, 2, . . . .
Therefore (20) reduces to
where b 2 is defined by (36). We note that the denominator of the second fraction in the right-hand side of (36) vanishes when (31) is satisfied for m = 2. There is no contradiction since we have assumed that (28) holds.
In conclusion, the solution up to second order is given by
where c 0 , F 1 and F 2 are defined by (26), (32) and (38), respectively.
3.1.2. Solutions when (28) does not hold. When (28) does not hold, i.e. when (29) (or, equivalently, (31)) is satisfied for some integer m, the firstorder solution is given by (33) instead of (32). In this section we show how to determine the arbitrary coefficient a m . For simplicity of presentation we assume that m = 2. Relation (31) then takes the form
Solutions for m > 2 will be computed numerically in §3.2. Substituting F 1 (ξ ) = a 1 cos kξ + a 2 cos 2kξ (42) and (20) into (18) gives, after some algebra, Upon equating coefficients of cos kξ and cos 2kξ in (43), we get or
Using (44) and (48), we obtain
This concludes the determination of the solution up to order . It is given by
where a 1 , c 0 and c 1 are defined by (23), (26) and (49), respectively. The profiles (50) are sketched in Figures 2 and 3 . We note that solutions similar to those presented in Figures 2 and 3 occur in the theory of water waves when both gravity and surface tension are taken into account. In that context they are referred to as Wilton ripples (see [1, 4, 18, 25] ). 
Here we have assumed that the wave is symmetric and that the origin ξ = 0 is chosen so that F(ξ ) is even. There are then no sin nkξ terms in the Fourier series (52). The integral on the right-hand side of (13) is of the form
where B(s) is a periodic function of period λ = 2π/k. Furthermore, B(s) is odd, i.e. B(−s) = −B(s). By summation of the contributions from all the periods, we can therefore rewrite (53) as
Using (54), we rewrite equation (13) as
We determine the coefficients f n and c 2 by substituting (52) into (55). This is done numerically in the following way. First, we truncate the infinite series in (52) after M − 1 terms and evaluate the derivatives F 1 , F 1 and F 1 by differentiating the truncated version of (52) term by term. Next, we introduce the mesh points
We then satisfy (55) at the mesh points (57). This gives M − 1 nonlinear equations for the M unknowns f 1 , f 2 , . . . , f M−1 and c 2 , to be solved for given values of C 1 , D, σ , λ and A. The last equation is obtained by fixing the amplitude of the solution, for example by writing
where α is prescribed. The resulting system of M nonlinear algebraic equations with M unknowns is solved by Newton's method. For small values of α, we use the weakly nonlinear solution as the initial guess. For larger values of α, an already computed solution for a smaller value of α is used as the initial guess. The Cauchy principal value in (55) is evaluated by the trapezoidal rule with summation over the points (56). The symmetry of the quadrature and of the discretization enable us to evaluate the Cauchy principal value as if it were an ordinary integral. The choice of the trapezoidal rule is motivated by the fact that it is spectrally accurate for periodic solutions.
We first use our numerical code to check the asymptotic solution (38). We choose σ = 1.5, A = 1.0, λ = 1, C 1 = 1 and D = 0.7. It can be checked that (28) then holds. Relation (21) implies = αk. For various values of α, we calculate the quantity
where b 2 is defined by (36). We found the values µ = 0.934 13, µ = 0.983 36, µ = 0.995 83, µ = 0.998 96 and µ = 0.999 99 for α = 0.2, α = 0.1, α = 0.05, α = 0.025 and α = 0.002 respectively. As expected, µ → 1 as α → 0. Next we compare the numerical results with the asymptotic results (50) and (51). We set σ = 1.5, A = 0.2, λ = 1 and C 1 = 1. Relation (21) implies = αk. In order to satisfy (41), we choose
We first present results for α = 0.01. The asymptotic formula (51) The interactive flow solutions presented in the previous section are believed to be of interest in their own right, and they also influence a wide range of applications, as mentioned in the introduction, as well as raising new questions for investigation. Further work on Wilton ripples, which are typical of interactions between gravity and surface tension, seems warranted for the present setting of near-wall responses. In this context, a study of nonlinear wave evolution that includes full unsteadiness rather than just travelling-wave forms would be of much interest. Analysis of extreme parameter effects, such as those associated with the gravity factor D, is also called for.
Numerous extensions appear possible from the model. The present study has focused on relatively thin horizontal layers with the gravity force directed towards the underlying solid surface. If the gravity force is in the opposite direction, which corresponds to the fluid layers lying just below a horizontal ceiling, then the sign of the coefficient D is reversed in (7) and in subsequent equations. The full repercussions of this sign change remain to be followed through, including applications to dripping rates. Similarly, an inclined floor or ceiling leads to a constant force term being added to the X momentum balance in (7) and thence to the integrand within (9) , which merits further study. The extension to three-dimensional interactions for the sake of increasingly realistic modelling should be of great additional interest.
